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� ³ �E�d�Æ
� � �Ç� �� ³ �µ�d�$�����E�d�d�:�\È �DÉA�Æ
� ¼ �E�d�Æ
� � ������ ¼ �µ�d���5ÊGÈ �EË��

LQi�i�[oZG{nRY��j�U:^`[]k;Z�N �CÉ;� UKZ�i �DË�� P�R¾S�U?V;RK²Æ
� � ³ �E�d��� ¼ �µ�d�X�Æ

� � �Ç���� � ³ �E�d�t� ¼ �µ�d�X�x�����E�d�d�:�\� �CÌ;�
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�-�µ�d��� Ú �

� �� ß � � NX[oZ �x�t��ä eYk;N � � �
� ¼ÅNX[]Z � � �»� �DåA�
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Â¿RZ�eYR�^XS�R¾NXk;a]jG^`[]k;Z �CåA� �>ReYk;vnRN²
�-�E�d���5Þ�� NX[]Z �x� ß �

� � NX[]Z � � �d� ���K�H�
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� � NX[]Z � � �d� ���W�;�

�-�µ�d� � Þ � �µ� � ß �&�� � NX[]Z � � � ß�� �x� ek;N � � ��� ���?ÉA�
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PMS�RYhXR � � []NMU�ek;vng�aoR»ð�eYk;Z�Nd^`UKZA^?s&�zj���N�^`[y^`jG^X[oZ�{T^XS�[oNM[oZ �C�KÊA� ²�P&R¾S�U?V;R:²� � � ß ���-� � � �t�\�Ç���� �x�áÚ � È �«�K�;�
{;[yV3[oZ�{ � � � Ú �

�µ� �� ß � � ��� � �t�&� � �«�:ÉA�
é¿kHP�PMhX[y^`[oZG{ � � � ë � � ë�R¨ðzg � ��� � ²GP�R�{;R¨^

ë � � ë ��� � � ���� � Ú �� �µ� �� ß � � � � ��Ë�� � � � �«��Ë��
UKZGi � � ^fU:Z ü�� � ß �
�t�� �� ß � � � � �«�KÌ;�
Â¿RZ�eYR�^XS�R¾g�UKhd^X[oeYj�acUKh&NXk;a]jG^`[]k;Z�[oN�{;[yV;RYZl�Ap

���E�d�x� ë � � ë�R¨ðzg � � �µ�x�t� � �X�$� ë � � ë � ek;N �µ�x��� � ��� �ANX[]Z �µ�x��� � �X� �«�:ÛA�
PMS�RYhXR´ë � � ë�U:Z�i��ÅU:hXRb{K[]V;RYZw�Ap �C�:Ë�� UKZ�i �C�;Ì;� hXRYNXg>ReY^X[]VKRa]pKs }�hXk;v �C�KÛA� P&RTeUKZwhdR?UKiwk
�^XS�R¾NXk;a]jG^`[]k;Z�N½kK| ���?ãA� UKZ�i ���Wå;� UKN²

�-�E�d�x� ë � � ë�ekKN �µ�x��� � � �«�Kâ;�
UKZGi �t�µ�d�$� ë � � ë�Nd[oZ �µ�x�t� � � �«�:ãA�
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j�ZGi�UKvngIRYi�|Ek;hXeYRi+k;NXeY[oa]acU:^Xk;hxek;Z�Nd[oi�RYhXRYil[]Zm^`SGR g�hXR¨Vz[]k;j�N½NdRe¨^`[okKZts� UKNdR �;ò! 6#" 4«8�2%$'&
23*-9A@E23=KJ �)(*(�� � J�+¡ZlaokWP5|EhXR��j�RYZ�e[]RN¿^`S�R¾hXRYNXg>k;Z�NdR�[]NQÂ¿kzk ¢ R�,ÁNaoUWP�ao[ ¢ R:s-+7^M[oN�Nd^X[.�IZ�RNdNQiGk;v�[]Z�U:^XRits

ë � � ë /1032 Ú �
� �� �

� �
��42 Ê

�-�E�d�5� � �� ekKN �x�� UKNdR �zò76 @98;:'4«8�2%$'&
23*-9A@E23=KJ � ì¾ìÐ� � J�ÂQ[]{;S£|EhXR��j�RYZ�eYpÅhXRYNXg>k;Z�NdRm[oN¾v�UKNXN�i�k;vn[yÍZ�U�^`Ri�s�u�SGR�kKNXe[]aoaoU:^`k;h�[oN½^XkK^fUKa]a]p�k;jG^MkK|-g�S�U:NXR¾PM[]^`S�^XS�R¾i�hX[yV;RhYs
ë � � ë
2 Ú �

� �
Ì



ω0=3

ω0=3

|z0 |

ω0=3

f 0

−

2 ω0β

2 4 6 8 10

-0.4

-0.2

0.2

0.4

0.6

0.8

1

2 4 6 8 10

-3

-2

-1

1

2

2 4 6 8 10

0.2

0.4

0.6

0.8

1

ω

−π/2

−π

φ

ωres

Aabs

elasA

ω

ω

/f 0 2β ω2
0 β 2

/

}�[]{;j�hdR Ë�ò LOvng�ao[y^`j�iGRNMUKZ�i+g�S�UKNXR�kK|-i�UKvngIRYi+|EkKhXeRYi_kKNXe[]aoaoU:^`k;h

Û



2 4 6 8 10

-1

-0.5

0.5

1

1.5

2

2.5

3

|z0|
x(t)

t

φ

ωω0 = 3

β
ω = 2

= 1      f0 = 4

|z  |0

2 4 6 8 10

0.5

1

1.5

2

2.5

3

β 

in
cr

ea
si

ng

ω

ω0 = 3

}�[]{;j�hdR Ìzò }�k;hXeYRilk;NXeY[oaoaoU:^`[]k;Z�U:v�g�a][]^Xj�i�RN½UKZ�ilg�S�UKNdR¾|EkKh�i�[.�IRhdRZA^¿hXRNd[oN�^fUKZ�eYRN

â



x(t)

t

x(0)=3

x(0)=0
. f0 = 3

β

β
=
=

1
0.5

0ω = 2      ω = 3

2 4 6 8 10 12 14

-1

1

2

3

}�[]{;j�hXR Ûzò }�kKhXeRYi_kKNXe[]aoaoU:^`[]k;Z�NxPM[]^`Sli�[<��hdRZA^MhXRYNX[oN�^fUKZGeRN

f0

2 4 6 8 10 12

-2

-1

1

2

3

 

x(0)=3

x(0)=0
. 1

t

x(t)

ω0 = 3

ω = 2
3

β = 0.5  5
9

}�[o{Kj�hXR âzò }�k;hdeRYilkKNXe[]aoaoU:^`[]k;Z�N�PM[y^`S+i�[<��hdRZA^¿i�hX[yVz[]Z�{rUKvng�ao[y^`j�iGRN

ã



��2 ß¿î
�-�µ�d�!� ß � �

�m� � ek;N �x�� UKNdR ÉGò>= *IFW2�8�/123,�@D.GF?254«8�2%$'&
23*-9A@E23=KJ �?� � � J@+¡Z�^`S�R_[oZA^`RYhXvnRi�[oU:^`R�|EhXRY��j�RZ�e¨phdR{;[]v�RO^XS�R¾hXRYNXg>k;Z�NXR�[oN�hdRNd[oNd^`UKZ�eYR�i�kKv�[]Z�U:^`RYits
}�k;h ���Ò� �

ë � � ë � Ú �
�
�t� ���2 ß î �

�-�µ�d��� � ��:�4�t� � NX[oZ � � �A�23=6>*
.�*-9;2�JMu�S�R�UKvng�ao[y^`j�iGR�hXRYNXk;Z�U:Z�eR�S�UKg�g>RZGNM|EkKh
� �B�C / �<� �� ß �
� � �+7| � []NtV;RYhdp NdvmUKa]aKeYk;v�g�UKhXRYi�^`k � � hdRNdk;Z�UKZA^
|EhXRY�3jGRZ�e¨p � BDC /�U:g�g�hXk;UKefS�RN
Z�U�^`j�hXUKaK|EhXRY��j�RZ�e¨pkK|�^`SGR�N�p3Nd^`RYv_s

ë � � ë BDC / � Ú �
�
� � � �� ß � �

u�S�R�NXk;a]jG^`[]k;ZÇë � � ë�ek;N �µ�x�t� � � eUKZl�IR�PMhd[]^X^XRZ_UKN²
�-�E�d�x��ÞFEHG /GNd[oZ �x�t�àÞ CJI E /GeYk;N �x� �«�:åA�

PMS�RYhXR:² Þ CJI E / � ë � � ë�ek;N;� U:Z�i ÞKELG / � ß ë � � ë�NX[oZ���s�u�S�R_UKv�gGao[]^Xj�i�R ÞKELG /T[]Nre?UKa]aoRiÇ^XS�RUK�GNXk;hdgG^`[yV;R�UKv�gGao[]^Xj�i�R¾�>Re?U:j�NXR�^`S�RbUWVKRhXUK{;Rbg>kWP&RYhO[]NQZ�kKZ´ÀRYhXkm|Ehdk;vÜ^`SGR�¶�hdNd^Q^`RhdvÏUKZ�i[]N�ÀYRhXk�|Ek;h�^XS�RONdReYk;Z�its�ó�RY^&j�N&Z�kWP5e?U:aoejGacU:^XRM^XS�RO[]Z�Nd^`UKZA^fUKZGRk;j�N&gIkWP�Rh½U:��NXk;hd�IRYi��Apn^XS�Ri�U:v�g>Ri�|Ek;hdeRilk;Nde[oa]acU:^Xk;h ���WãA� s-+7^M[oN�{;[yV;RZl�Ap;²
³ �E�d�$��� � ek;N �c�x�d�Iô�-�µ�d��� ß ë � � ë � � � ek;N �c�x�d� NX[]Z �µ�x��� � � �CÉKÊA�

ÄÅR¾¶�Z�il^XS�R¾gIkWP�RhQU?V;RhXUK{;RYi_kWV;RYhQkKZ�R¾eYp3ea]RK²
( ³ ìQ�Ý� � ��ÞKELG / ( ek;N ���x��ì ß � � ��Þ CMI E / ( NX[]Z �x� ekKN �x�&ì �CÉz�H�

PMS�RYhXR ( ì i�RYZ�kK^`RYNOU?VKRh`U:{;R�V:UKa]j�RKs~ÄÅR ¢ Z�kWPÝ^`S�U:^
( eYk;N � �x�&ìKN �OQPSR� Æ � ek;N � �x�x� �

� O)PTR� Æ �Y����� ek;N �H�x�d�$� �
� È �CÉ;�;�

PMS�RYhXR*Oá[]N½^`S�R ^`[]v�ROgIRYhX[ok3its��z[]v�[]acUKhda]pK²A[]^M[oN�RUKNdpm^`knNXS�kWPÝ^XS�U:^ ( Nd[oZ �x� ek;N �x��ìQ�ÝÊG�
( ³ ìQ��� � ��ÞFEHG / �K��� ß � � � ë � � ë�Nd[oZU��

å



2 4 6 8 10

0.1

0.2

0.3

0.4

0.5<P>max

ω = ω0

2β

<P>

<P>max / 2

}�[o{Kj�hXR ãzò L¿V;RYh`UK{;R¾[]Z�g�jG^Mg>kWP&RYhQeYj�hdVKR

( ³ ìO�V	;Ú>�� � �
�µ� �� ß � � � � ��Ë�� � � � �CÉKÉA�

W-kWP�Rh¿gIRU ¢ []NM|EkKj�Z�i�|Ek;h � � �Ò� ��
( ³ ì�XYEHZ:� 	KÚ ��Ë�� � � � ��Ë�	 �

L½^¿S�UKay|-v�U�ðz[ovbj�v_²
��� � � � �[� �Y\ �

L¿V;RhXUK{;RYiqN�^`k;hdRi£RZGRhX{:p\}�j�aoa�PM[oiG^XS£U:^ S�U:a]|xv�U�ðz[ovTj�vÿ|Ek;h¿^`S�RrU?VKRh`U:{;R�gIkWP�Rh eYj�hdVKRn[]N|Ek;jGZ�i�^`kn�IR RY�3j�UKa�^`k �
� s]�¦`¯�^o¸¨·`_��zS�kWP�^`S�U:^�^`S�R�UWVKRhXUK{;R�g>kHP�Rh�a]k;NXN�i�j�R�^Xk´^`S�R�hdRNd[oNd^`UKZ�eYR�i�[oNdNX[]g�U:^`[]k;Z1[]NRY�3j�UKat^`k�^`SGR�U?VKRh`U:{;R�[]Z�g�jG^Mg>kWP&RYhQeUKaoeYj�acU�^`Ri+U:�IkWV;R�[oZ �DÉ;ÉA� s
()a ìQ� � Ë �c�����Ç���� � ë � � ë �

()aêìQ� �lÚ ��Ë �c� � ��� �� �b �µ� �� ß � � � � ��Ë�� � � �Lc]�¦`¯�^o¸¨·`_�}�[]Z�i�^`S�R�UKZG{;j�acU:h½|EhXR��j�RYZ�eYp�|EkKh�gIRU ¢ RZGRhX{:plUKZ�i+VKU:aoj�R kK|-g>R?U ¢ RYZ�Rhd{Kp;sdMRNXkKZ�UKZA^¿�3j�UKao[y^¡pm|DUKe¨^`k;h�[]N�i�RY¶�ZGRi´v�UKZAp�P&U?pzN òe � � ë � � ë B�C / � ë � � ëf/90e � � � �
���

�WÊ



ω 0
ω 0

2 β
2

ω = ω0
2 − β 2 − +

2 4 6 8 10

0.2

0.4

0.6

0.8

1

<E>

<E>max

}�[o{;jGhXR åGò L¿V;RhXUK{;R�RZ�RYhX{Kp�ej�h�V;R
gih�¥K·O¤>o¸*jk_ml�.�B9nG.�*�6>/12AFW2�8�J�LÝ{AUKayV:UKZ�k;vnRY^XRh�[oN&eYk;Z�Z�RYeY^XRi�^`SGhXk;j�{KS�UbNdPM[y^`efS�PM[y^`S

UmiG[ohXRYeY^�Í¡ejGhXhXRYZA^�NXkKj�hXeYRTkK|xekKZ�Nd^`UKZA^*o�Ã´}&s>L½^O^`[]v�R¾^ � Ê ²�^`SGRTNdPM[y^`efSw[]NOea]k;NXRYitsOL¿|µ^`RYh�UNdjqpne[oRYZA^`a]p3a]k;Z�{b^X[ovnRQ^`SGR�{AUKayVKU:Z�k;vnRY^`RYh�iGRsr�RYeY^`[]k;Z�hXRUKefS�RYN�[]^`N�¶�Z�UKa>VKU:aoj�RFt XiEuZwv Ä<S�U:^�[]N[y^`N�v�kK^X[ok;Zn�>RY^¡P�RRZ�^XS�RO[]Z�[]^X[cUKa�g>k;Nd[]^`[]k;ZnkK|�hXRYNd^²�t �ÝÊ ² ôt ��Ê ²GUKZ�im^XS�RQ¶�Z�UKaIg>k;Nd[]^`[]k;Z�t �t XYEHZ
x u-U ¢ RMi�UKvng�[]Z�{O^`kKhX��j�R½g�hdk;g>k;hd^X[ok;Z�U:a3^Xk¾UKZ�{;j�aoUKh-VKRa]kzeY[]^¡p;siy�[oN�^`[oZG{;j�[oNdSTUKZGinR»ðzg�acUK[]Z{;hXUKg�S�[]e?UKa]a]p�j�ZGi�Rhdi�UKvngIRYit² eYhX[y^`[oeUKaoayp�i�UKvngIRYi<UKZ�iÒkWV;RYhXi�U:v�g>Ri<e?U:NXRNYs{zt¯�°¬3§C©«¯�±;_ÅÄÅR
Ndk;a]VKR¾^XS�R¾|Ek;hXeYRilk;NXeY[oaoaoU:^`kKh&R��j�U�^`[okKZlPM[y^`Slek;Z�N�^fUKZA^M|Ek;hde[oZG{ � [«sÁRKsxi�hd[]V3[oZ�{�|EhdR��j�RZGeYp � ÊA�UKZGil{K[]V;RYZ_[]ZA^`[cU:a�ekKZ�i�[]^X[ok;ZGNMUKZ�i+g�aok:^�^`S�R V:UKhX[]k;j�N�R¨V;k;a]jG^`[]k;Z�Ns

|i}.~����L�T���q�������.�
���q���������m���s���s�s��}����
���



gih�¥K·O¤>o¸��%_��&23BE2%8�8H.�0Y:�JxLÒhXUKi�[ok hdReYR[]VKRhxhXRYeRY[]V;RYNxh`UKi�[]k�^`RYaoR{Kh`UKg�S�Nd[o{;Z�UKaoN~[]ZnÃ_k;hdNXReYkzi�R�[oZ´^XS�R�|EkKhXvïkK|$Nd[oZ�j�NXkK[oi�UKa
P&UWVKR�g�UKe ¢ RY^`NYs¾U � u�SGRT[oZ�iGj�eY^`UKZ�eRbkK|~^`SGRTe[]hXejG[]^Q[oN �WÊ;Ê

dott
t sp

dasht

2 4 6 8

-1

-0.5

0.5

1

2 4 6 8

-1

-0.5

0.5

1

� Â�²W^`S�R�e?UKg�UKe[y^fUKZ�eYR�[]N �KÌKÊ g�}´UKZ�i�^`S�R�hXRYNX[oN�^fUKZGeR&[]N Ê s � k;S�vls�}-[oZ�i¾^`S�R�[oZA^`RYhdV:UKa��>RY^¡P�RRZ^XS�R¾[ovng�j�aoNdRN&^XNXg_Z�RRYi�Ril^`krg�hXR¨V;RYZ�^Q^¡P&k�UKi��XU:eRZA^¿NX[]{;Z�UKa]N&|EhXkKvÜv�RYhX{;[]Z�{�s
� � LONdNXj�vn[oZ�{+^`SGR�i�jGh`U:^X[ok;Z£kK|�^`S�R�� iGkK^w,
NX[]{;Z�UKa-^`k´�>R �u u¡ 0 � �K� Ì�� /<¢mU:Z�iÅ^XS�U:^�kK|&^XS�R� i�UKNdS', �u HE /J£ ��Ë�� Ì�� /.¢x¶�Z�i�^`S�R�v�U�ðz[ovTj�váUKv�kKj�ZA^
kK|�[oZz|Ek;hXv�U:^`[]k;ZO^XS�U:^�e?UKZ��IRx^`hXUKZ�Ndv�[y^X^`RYig>Rh�j�ZG[]^�^`[]v�R:s¤ 6IB1&�FH@D6>*xJ�U �-� /.¢ � ^¡PM[]eR�^`S�RMhdRacUHð�U�^`[okKZT^`[ovnR�[oNxU NXU:|ERMvmUKhd{;[oZb�IRYe?UKj�NdRQ�Ap�^XS�[oN~^X[ovnR^XS�R¾UKvng�ao[y^`j�i�R¿PM[oa]aIi�RYe?U?p��Ap�Z�RUKhXayp�Ub|DU:eY^`kKh�kK| �WÊ UKZ�i+S�RYZ�eR ^¡P�knNdRg�U:h`U:^XR�Nd[o{;Z�UKaoN�PM[oaoa�>R¾i�[oN�^`[oZG{;j�[oNdS�Ri�gGhXk;g>Rhda]p;s

� /.¢ �á��¥��Ý�;�
�\�<Ëk¦���§á�Ý�©¨Å�WÊ ü%ª NXRe �á� vnNXRYe �� � ó�R¨^�vmUHðG[]vTj�v%kK|Y« g�jGaoNXRYN�e?UKZ��>R NXRYZA^MgIRYh½NXRYeKsxu�S�RZ+k;Z+U:Z+UWVKRhXUK{;R�^`SGRhXR NdS�UKa]a�>R¬« �;� � i�k:^`N�,�U:Z�i« �K� � i�UKNdS�RNs,]²>NXk
« � /.¢ � «

� �u u¡ 0 � «
� �u HE /J£ �5Ë « � /.¢ �Ð�{;[yV;RY[oZ�{©« �"�H�KÌz�® 0�0$2z*�,�@9¯$JT°�6>/10-BD2k¯à0�BE.�*
2´.�*�,Ò0i:
.�=6�8�=

Z1
*

Z1

Z2

Z1 Z2+

Z1 Z1

φ
X

i Y = | | eiφ

}�[o{;jGhXR �;�Kò WxS�UKNXk;hdNQ[]Z�ek;vng�a]R¨ð�gGacUKZ�R
�H�


